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the newsboy paradigm

introdu
tion

• (S
arf's notations) y : order quantity, Φ(ξ) : demand 
df,

c : unit 
ost, r : unit selling pri
e
• unsold units are dis
arded
• the satis�ed demand is : ξ+ = min (y, ξ)

• naive solution : Ĝ
.
= G (µ, µ)... but a
tual gain (ex post) :

G (y, ξ) = r ξ+ − c y

Ensait - Roubaix 3
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ost of a given 
hoi
e

• de�ne θy
.
=

∫ ∞

y
dΦ (ξ) together with:

ξa
y

.
= E (ξ | y < ξ) ; ξb

y

.
= E (ξ | ξ < y)

• de�ne G (y, Φ)
.
= E (G (y, ξ)) ξ, obtain:

Ĝ − G (y, Φ) =

θy

(
ξa
y − y

)
(r − c) + (1 − θy)

(
y − ξb

y

)
c

• and 
on
lude:

∀Φ∀y : G (y, Φ) ≤ Ĝ

Ensait - Roubaix 4
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ost of un
ertainties

• knowing Φ, we have y∗ = arg maxy G (y, Φ)

• exa
t analyti
al solution : θy∗ = θ∗ = 1 − Φ(y∗) = c/r

• the 
orresponding (least) miss to gain 
an be rewritten as:

Ĝ − G (y∗, Φ) = θ∗ (1 − θ∗)
(
ξa
∗ − ξb

∗

)
r

Ensait - Roubaix 5
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example : lognormal Φ, given µ

µ

µ

µ 

(r-c)

y

• positive values, but assume multipli
ative independen
e

• 
urve σ 7→ (y∗, G∗), assuming c/r < 1/2

Ensait - Roubaix 6
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robust solutions

basi
 questions

• does Φ model a la
k of knowledge due e.g. to their 
ostor model the intrinsi
 wild behavior of the markets ?

• is Φ guessed from many parallel independent worlds orindu
ed from histori
al data (questionable ergodi
ity) ?

• 
an ξ be ever measured, even afterwards, when the demandover�ows the inventory ?
• aren't we introdu
ing abusive "side assumptions", from
omputing easiness rather from an a
tual knowledge ?

Ensait - Roubaix 8
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S
arf's theorem (1)

• robust solution against a family F of distributions:

G∗ .
= G (y∗, F)

.
= max

y
min
Φ∈F

G (y, Φ)

• when playing against F (µ, σ), the worst 
ase is a Dira
two points distribution (i.e. ξ is either ξa or ξb) and:






y∗ = µ + σ (r/2 − c) /
√

c (r − c)

G∗ = µ (r − c) − σ
√

c (r − c)

Ensait - Roubaix 9
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S
arf's theorem (2)

• graphi
al proof : playing against F (µ, σ, Dirac) is:

• 
hose y, i.e. a 
urve andwait for answer G (y, ξ)

• E (G) depends on θ

• all 
urves are 
on
urrentat θ = c/r (here 0.56) 0

8000

3292

E(G)

0.730.560 θ

• when (c/r)
−1

< 1 + σ2/µ2 (here 0.73), better do nothing

Ensait - Roubaix 10
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another measure of the dispersion

• when y = µ, Ĝ − G (µ, Φ) = θµ (1 − θµ)
(
ξa
µ − ξb

µ

)
× r

• this kind of fa
torization applies only to y∗ and µ

• thus Ĝ − G∗ ≤ δ r, independent of c/r, where

δ
.
= θµ (1 − θµ)

(
ξa
µ − ξb

µ

)

• properties : ξb < µ − δ < µ + δ < ξa and x y = δ2

ξ ξµµ−δ µ+δ

δ δx y

b a

Ensait - Roubaix 11
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information value of assumptions

numeri
al example

• 
onsider a set of histori
al data were y = 999 ea
h n = 16time has resulted in the following sales:

743, 999, 999, 999, 851, 939, 601, 483

999, 655, 999, 856, 821, 810, 999, 999

• obtain the following estimators:
est (θ999) = 0.44 ; est

(
ξb
999

)
= 751

Ensait - Roubaix 13
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add some hints for the y < ξ 
ase

• . . . endure extra 
osts to obtain extra knowledge. . .

• guess the non observed demand:

. , 1278, 1418, 1461, ., ., ., .

1176, ., 1016, ., ., ., 1194, 1028

• and obtain the following estimators:
est

(
ξb

)
= 751 ; est (µ) = 958 ; est (ξa) = 1224

est (σ) = 278 ; est (δ) = 116

Ensait - Roubaix 14
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best de
ision for a given knowledge

c

r
= .3

c

r
= .7known Φ or F y∗ G y∗ G

Φ(µ, σ, normal) 1108 5710 807 1878

Φ (µ, σ, lognormal) 1117 5916 821 2069

F (µ, σ, triangular) 1103 5607 813 1774

F (µ, σ) (S
arf's rule) 1083 5393 833 1560

F (µ, δ, Dirac) 958 5541 958 1709

F (µ, δ, triangular) 1159 5807 818 1807

Ensait - Roubaix 15
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value of shape when σ is known

actual known y∗ G (y, Φ) ∆

Φ(µ, σ, normal) only µ, σ 1083 5706

Φ (µ, σ, normal) Φ 1108 5710 4

Φ (µ, σ, lognormal) only µ, σ 1083 5911

Φ (µ, σ, lognormal) Φ 1117 5916 5

• when µ, σ are known, an additional knowledge of the shapehas only a small value

Ensait - Roubaix 16
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other information values

value of using δ versus σ

actual F
Newsboy′s

belief
y∗ worst θ G ∆

F (µ, σ, Dirac) δ 
onstant 958 θ = 0.5 5273

σ 
onstant 1083 θ = 0.3 5393 120

F (µ, δ, Dirac) σ 
onstant 1083 θ = 0 5389

δ 
onstant 958 all 5541 152

Ensait - Roubaix 18
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omparison δ versus σ

Φ δ/σ(exa
t) δ/σ(approx) 0.25 gapuniform √
3/4 ≈ 0.433triangular 1/

√
6 · · · 8

√
2/27 .408 · · · .419normal 1/

√
2 π ≈ 0.399exp 1/e ≈ 0.368Dira
 √

θ (1 − θ) 0 · · · 0.5 θ = 7%, 93%lognormal ≤ 1/
√

2 π 0 . · · · 0.399 σ/µ ≈ 2

in all realisti
 situations : 0.25σ ≤ δ ≤ 0.50σ

Ensait - Roubaix 19
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un
ertainties...

• in fa
t, est (µ) is roughly normal, with varian
e

σ2/n ≈ 5135

• est
(
σ2

) is roughly normal, with varian
e(
M4 − σ4 (n − 3) / (n − 1)

)
/n ≈ 4.289 108, where M4 is thefourth 
entered moment.

• In other words, our a
tual knowledge is :
µ ∈ [958 ± 72 kµ] ; σ2 ∈ [82166 ± 20710 kσ]

• k ≤ 2 is an optimisti
 
hoi
e (at the 95% level)

Ensait - Roubaix 20
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value of parameters

kµ

actual

µ

guessed

µ
y∗ θ∗ G (y, Φ) ∆

−2 814 958 1083 0.16 4277

814 939 0.30 4390 113

+1 1030 958 1083 0.41 5857

1030 1155 0.30 5895 38

+2 1101 958 1083 0.53 6237

1101 1227 0.30 6397 159

Ensait - Roubaix 21
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on
lusion

• the best de
ision for the newsboy problem depends heavilyon the 
hoi
e of the dispersion measure

• the well known "S
arf's rule" follows when assuming anexa
t knowledge of µ, σ

• but another strategy follows when assuming an exa
tknowledge of µ, δ

• this happens while 0.3 ≤ δ/σ ≤ 0.5 for all relevant Φ andwhile estimator d doesn't behave worse than estimator S

Ensait - Roubaix 23
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• an exa
t identi�
ation of redu
ed parameters 
on
erningthe demand models seems to be questionable

• extra
tion of knowledge from history 
annot be model-free(ξa is beyond any experien
e)

• a des
ription using larger families of pdf su
h as

F (µ ± ∆µ, σ ± ∆σ) or F (µ ± ∆µ, δ ± ∆δ) seems a betterway for a robust des
ription

Ensait - Roubaix 24


